Abstract. Let X be a space of homogeneous type, and L be the generator of a semigroup with Gaussian kernel bounds on L 2 (X). We define the Hardy spaces H p s (X) of X for a range of p, by means of area integral function associated with the Poisson semigroup of L, which is proved to coincide with the usual atomic Hardy spaces H p at (X) on spaces of homogeneous type.
Introduction
We begin by recalling the definitions necessary for introducing Hardy spaces on spaces of homogeneous type. A quasi-metric d on a set X is a function Any quasi-metric defines a topology, for which the balls B(x, r) = {y ∈ X : d(y, x) < r} form a base. However, the balls themselves need not be open when A > 1.
Definition 1.1 ([CW])
. A space of homogeneous type (X, d, µ) is a set together with a quasi-metric d and a nonnegative measure µ on X such that µ (B(x, r) ) < ∞ for all x ∈ X and all r > 0, and there exists A < ∞ such that for all x ∈ X and all r > 0,
µ(B(x, 2r)) ≤ A µ(B(x, r)).
Here µ is assumed to be defined on a σ-algebra which contains all Borel sets and all balls B(x, r).
Macias and Segovia [MS] have shown that one can replace d by another quasimetric ρ such that there exist c and some θ, 0 < θ < 1, ρ(x, y) ≈ inf{µ(B) : B is a ball containing x and y},
for all x, x ∈ X and y ∈ X.
We will suppose that µ(X) = ∞ and µ({x}) = 0 for all x ∈ X. A function a(x) defined on X is called a p-atom if there exists a ball B(x 0 , r) for some x 0 ∈ X and r > 0 such that supp a(x) ⊂ B(x 0 , r),
, where the a k 's are p-atoms and
It is well-known that Hardy spaces H p (R n ) on R n can be characterized by means of the square function associated with the Poisson semigroup e
−t √
A or the heat semigroup e −tA , where A = − is the Laplace operator; see [FeS] . In this paper, our concern is to establish similar results on spaces of homogeneous type under the following assumptions about the operator L:
(1.1) L is a self-adjoint, positive definite operator on L 2 (X); (1.2) the kernel of e −tL , denoted by K t (x, y), is a measurable function on X × X and there exists β > 0 such that for all 0 < t < ∞ and almost every x, y ∈ X,
(1.3) for all y ∈ X and all 0 < t < ∞, the function x → K t (x, y) is Hölder continuous in X and there exists γ > 0 such that for all 0 < t < ∞ and all x, x , y ∈ X,
(1.4) for all t > 0, e −tL (1) = 1.
We define the square function S α (f ), 0 < α < ∞ by the area integral
S 1 (f )(x) will be denoted by S(f )(x). By a standard argument, for any 0 < α < ∞ we have 
The main result of this paper is the following theorem.
Theorem 1.4. Assume that L satisfies the conditions (1.1), (1.2), (1.3) and (1.4). Then, for any p such that max((1 + θ)
The paper is organized as follows. In Section 2, we introduce a Calderón-type reproducing formula associated with the self-adjoint operator L. Our reproducing formula (2.5) below is based on the functional calculus of L. For other constructions of Calderón-type reproducing formula on spaces of homogeneous type, we refer readers to [HS] . Using our reproducing formula we obtain atomic decomposition of Hardy spaces H p s (X), and prove Theorem 1.4 in Section 3. We give some applications in Section 4.
Calderón-type reproducing formula
Recall that for any positive self-adjoint operator L on L 2 (X) and for every bounded Borel function
where E(λ) is the spectral decomposition of the operator L. Therefore, the oper-
The functional calculus for L gives us the relationship
See Theorem 2 in [Si] . Throughout the paper, we denote
Proof. An argument of Davies, as adapted in [DR] , shows that the semigroup e −tL can be extended to an analytic semigroup for all z such that Rez ≥ 0, and
See Lemma 2.4 in [CD] . Then it follows from Theorem 3 in [Si] that we have
Using the formula (2.1), we get
which implies this lemma. 
We can write (see e.g. [Mc] )
The integral is absolutely convergent in the norm topology on L 2 (X). It is also independent of the choice of b.
Since θ = 2 arctan( 2 ), it can be verified that
Lemma 2.3. Assume that L satisfies (1.1). Then for any f ∈ L 2 (X), there exists a constant C such that
Proof. Let ψ(t) = 2(
Since L is a self-adjoint operator, we have
Next, we establish a new Calderón-type reproducing formula associated with the semigroup generated by L, which will be used in the next section.
where the integral converges strongly in L 2 (X), and C s = (arctan(
Proof. Note that for any λ > 0, we have
As a consequence, one has
where C s = (arctan(
, and the integral converges strongly in L 2 (X).
Proof of Theorem 1.4
To prove Theorem 1.4, we first recall a result of Christ [Ch] which gives an analogue of the Euclidean dyadic cubes.
Lemma 3.1. There exist a collection of open subsets {Q
where I k denotes some (possibly finite) index set depending on k, and constants δ ∈ (0, 1), a 0 > 0, η > 0 and 0 < c 1 , c 2 < ∞ such that
We fix such a collection of open subsets as in Lemma 3.1 and call all Q k τ in Lemma 3.1 the dyadic cubes in X. Without loss of generality, we may assume that δ = 1/2 in Lemma 3.1. It is easy to check that our results and proofs are independent of the choice of open subsets which satisfy the hypotheses of Lemma 3.1.
We first prove that H p s (X) ⊂ H p at (X). We follow the idea in [CF] . Let Ω k = {x ∈ X : S c0 (f )(x) > 2 k }, where c 0 is a constant to be chosen later. Set
Note that for each dyadic cube Q in X there is a unique k ∈ Z such that Q ∈ B k . For each dyadic cube Q ∈ B k , there is a unique maximal dyadic cube Q ∈ B k such that Q ⊆ Q . Denote the collection of all maximal dyadic cubes in B k by Q i k , i ∈ I k , an index set which depends on k (it is possibly finite). We then have
k+1 }, and for any k and i, letQ
the Calderón-type reproducing formula (2.5) we have
Then one can write (3.1) as
where
We now show that this sum (3.2) gives a decomposition of f into atoms. Since
by Lemma 2.1, we have
Using Lemma 2.3, we have
It follows from Lemma 2.2 that
This proves that for each k, i, the function a k,i (x) is an atom. Now we estimate k,i |λ k,i | p . We need the following lemma, whose proof is similar to that of Lemma 7.18 in [CF] .
Lemma 3.2. Suppose that B k is as above. Then there exists a constant C such that
Using Lemma 3.2 and the Hölder inequality we have
This proves that a function f ∈ H p s (X) ∩ L 2 possesses an atomic decomposition. A standard density argument gives an atomic decomposition for f ∈ H p s (X). See, for example, [CF] .
We now prove that H 
Applications
Example 4.1. Let Φ : R n−1 −→ R n be a Lipschitz function, i.e., ||∇Φ|| ∞ ≤ M < ∞ for some constant M . Define Ω = {(X, y)| ∈ R n−1 × R n ; y > Φ(X)}; then Ω is a Lipschitz domain of R n .
and [Sc] . Hence, Theorem 1.4 gives an equivalent characterization of Hardy spaces H p (G) on G (see [FoS] ) by means of the square function associated with the Poisson semigroup.
